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Abstract
We propose in this article that if the chemical potential exceeds a critical
value in dense hadronic medium, a first-order phase transition to a new state
of matter with Lorentz symmetry spontaneously broken (in addition to the
explicit breaking) takes place. As a consequence, light vector mesons get ex-
cited as “almost” Goldstone bosons. Since the light vector mesons dominantly
couple to photons, the presence of these new vector mesons could lead to an
enhancement in the dilepton production from dense medium at an invariant
mass lower than the free-space vector-meson mass. We provide a low-energy
quark model which demonstrates that the above scenario is a generic case for
quark theories with a strong interaction in the vector channel. We discuss
possible relevance of this phase to the phenomenon of the enhanced dilepton
production at low invariant masses in relativistic heavy-ion collisions.
PACS: 11.30.Qc 11.30.Rd 12.40.Yx 14.40.Cs 21.65.+f
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1 Introduction
Recently, the CERES and HELIOS collaborations reported the exciting observa-
tion [1, 2] that the lepton pair production is enhanced in S–Au collisions in the
invariant mass range of 300 . . . 600MeV compared with the collisions p–Be and p–
Au. This observation provides an important clue as to what happens to hadronic
matter when it is compressed to a high density. Unlike the case of temperature,
lattice calculations are not yet in a position to provide information on the effect of
density on QCD vacuum and hence practically nothing is understood of density-
driven QCD phase transitions. Random matrix studies show indeed that the effect
of a chemical potential can be exceedingly subtle from the point of view of QCD [3].
In the paucity of any first-principle guidance, there is a wide range of theoretical
ideas to explore. It will ultimately be up to experiments to weed out wrong ideas
and to guide us towards a viable scenario.
From a detailed study of the collisions with the help of covariant transport equa-
tions, it became clear that the dilepton yield of the collisions p–A in the above
mass range can be well understood by resorting only to the decays of the η, ρ, ω
and φ-mesons [4]. The fact that a large pion density is produced by the collision
and the experimental observation that the dilepton enhancement sets in at roughly
twice the pion mass have led to the conjecture that the enhancement is due to
π+π−–annihilation processes [1]. The quantitative analysis, however, showed that
the experimental data cannot be explained using “free” meson masses and form
factors [4, 6]. A change of the state of matter or at least a change of the meson
properties in medium seem to be required. Several proposals [5, 6, 7, 8, 9, 10] have
been made, most of which focusing on the role of the ρ vector meson. This meson
is of particular importance for the dilepton enhancement effect, since the ρ-meson
directly couples to the photons. The coupling of the ρ-meson to two pion states
and the change of the pion propagation in medium generically results in a broad-
ening of the ρ-meson peak [6, 7]. The observed increase in the dilepton production
rate is compatible within the error bars of the present data. On the other hand,
QCD sum rules [8] predict a decreasing ρ-meson mass for increasing matter density.
Whereas the sum rule approach is restricted to small densities, a decrease of the
ρ-mass as function of the matter density should hold due to the onset of the chiral
phase transition [9]. These considerations supplemented with further support from
the results from the Skyrme model can be summarized in the scaling in medium of
the hadron “quasi-particle” masses known as BR-scaling [10]. Including a ρ-meson
mass shift to smaller values in the calculation of the relativistic transport theory, a
good agreement of the theoretical predictions with the observed dilepton spectra in
the S–Au collision is achieved [11]. The two approaches, one based on many-body
correlations starting from strongly coupled hadrons whose properties are defined
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in matter-free space [6, 7] (with broadening widths) and the other based on the
notion of both bosonic and fermionic quasi-particles with parameters defined in a
medium background field [12], somewhat contradictory to each other though they
may appear to be, are probably related to each other when applied to the dilepton
phenomena in question. Whether or not the two ways of looking at dense matter
can be mapped to each other for other physical observables is not clear.
In this paper, based on a rather generic argument, we propose a novel state of
hadronic matter which is unstable in the (zero-density) vacuum, but which forms
the state with the lowest energy density, if matter is present. In addition to the
explicit breaking of Lorentz invariance due to a finite baryonic density, Lorentz
symmetry is also spontaneously broken in this new matter state. This provides a
mechanism for exciting low-mass vector mesons as “almost” Goldstone bosons. We
will discuss the properties of such vector mesons in some detail. Our considerations
are based solely on the realization of symmetries. This model-independent argument
will be given a support by an effective low-energy quark model which will illustrate
that the new matter state is generically present in theories with vector-type quark
interactions as it is the case for QCD.
2 Induced Spontaneous Symmetry Breaking
In matter-free space, the QCD vacuum is characterized by a non-vanishing value of
the quark condensate and zero baryonic density, i.e.
〈q¯q〉 6= 0, 3 ρB = 〈q¯γ0q〉 = 0 State (V). (1)
The non-zero condensate implies that chiral symmetry of QCD is spontaneously bro-
ken (apart from a small explicit breaking through current quark masses). This par-
ticular realization of chiral symmetry allows the interpretation of the light pseudo-
scalar mesons as Goldstone bosons [13] and provides a model-independent explana-
tion of the particular role of the pion in the meson mass spectrum.
The key observation in this paper is that there is a second state which is not realized
in the vacuum but appears as a meta-stable state having a higher energy density
than the vacuum. This additional state is characterized by a vanishing (scalar)
quark condensate, and a vanishing baryon density (represented in terms of quark
fields) 〈q¯γ0q〉, i.e.
ρB, 〈q¯q〉 = 0, ζ2 := 〈q¯γµq q¯γµq〉 6= 0 State (II) , (2)
and the symmetry is in a Kosterlitz-Thouless type of realization [15].
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Our crucial point is that when a small explicit breaking of Lorentz symmetry is
introduced via the chemical potential, two important things happen. First, at cer-
tain chemical potential µc, the state (II) becomes energetically favored and a phase
transition takes place from the state (V) to the state (II). Second, the presence of
matter selects a particular Lorentz frame, since it favors the zero component of the
vector current. The matter state with the lowest energy density is then described
by
〈q¯q〉 = 0, 3 ρB = 〈q¯γ0q〉 6= 0 State (M) . (3)
In addition to the contribution due to the chemical potential, the baryonic density
acquires a large contribution from the dynamics of the theory. Since the chemical
potential µ must exceed a critical value µc to generate this dynamical contribution,
we shall refer to this scenario as induced spontaneous symmetry breaking (ISSB).
One might object at this point that the ISSB scenario is in contradiction to the
Vafa-Witten theorem [16], which states that vector symmetries cannot be sponta-
neously broken in QCD. In fact, what the theorem is telling us is that the correlation
function in the vector channel has, for a given gluon configuration, an upper bound
provided by an exponentially decreasing function of distance. Since the QCD weight
as employed by averaging over all gluon configurations is positive, the full correlation
function has the same upper bound. This would rule out a massless vector state. In
our case, the state (M) becomes the ground state for µ > µc, with the vector particle
becoming light, but not massless due to the additional explicit breaking of Lorentz
symmetry. Therefore the correlation function will be decreasing with an exponential
slope. Thus the ISSB scenario does not contradict the Vafa-Witten theorem1.
Let us discuss the consequences of the ISSB scenario. Assume that the matter phase
is realized in the state (M) and that the small explicit breaking via the chemical
potential µ > µc can be taken into account perturbatively. Due to the presence of
the condensate 〈q¯γ0q〉, the symmetry with respect to Lorentz boost transformation,
Λ0ν = exp{ω}0ν ,
q(x)→ q′(x′) = S(Λ)q(x) , S(Λ) = exp{− i
4
ωµνσ
µν} , (4)
is spontaneously broken (in addition to the small explicit breaking induced by µ).
What is the corresponding Goldstone boson? In order to answer this question, we
resort to standard techniques which were developed in the context of the spontaneous
breakdown of chiral symmetry [17]. For this purpose, first note that the quark
1Furthermore, the Vafa-Witten theorem is proven in Euclidean space. In the presence of a
chemical potential (and a gluonic background field), the determinant develops a phase, upsetting
the positivity of the measure required for the proof. We would like to thank Maciek Nowak for
reminding us of this caveat.
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propagator of the state (M) satisfying the Dyson-Schwinger equation possesses the
general structure
s(k) =
Z(k0, ~k)
k/ − V0(k0, ~k)γ0 − Σ(k0, ~k)
. (5)
In the low-energy regime (where the momentum transfer k is much smaller than the
typical gluonic energy scale), one expects that the quark theory can be approximated
by a Nambu-Jona-Lasinio type effective model in which case the momentum and
energy dependence of the functions Z, V0 and Σ in (5) can be neglected [18]. For
simplicity, we will make this assumption in the following. Furthermore note that
the transformed propagator, i.e.
S(Λ)s(k′)S−1(Λ) , (6)
also satisfies the Dyson-Schwinger equation, since the latter equation is manifestly
Lorentz covariant for µ = 0. Considering infinitesimal Lorentz boost transformations
induced by ω0i, one concludes that the vertex function
P V ∝ V0 [γ0, σ0i] ∝ V0 γi (7)
satisfies a Bethe-Salpeter equation with zero mass. The important finding is that,
at least at sufficiently small energies, the corresponding particle is of pure vector
type. The emergence of the light vector particle is a consequence of the spontaneous
breaking of the Lorentz group down to the non-relativistic rotational group SO(3)
and is analogous to the emergence of scalar Goldstone bosons for a spontaneously
broken internal symmetry group. Since in the present case the broken symmetry is
a space-time symmetry, the corresponding massless particles are (non-relativistic)
spin one excitations (for more details see section 3).
If one wants to relax the restriction to the low-energy regime, one might resort to
the full vertex function, which is provided by the Noether charge density generated
by the Lorentz boost (4), i.e.
Q
(L)
i (x) = (x
0T 0i(x)− xiT 00(x)) + q¯(x)γiq(x) , (8)
where T µν is the energy-momentum tensor written in terms of quark fields. Here,
the first term represents the “orbital” part while the second term gives rise to the
“spin” part of the vertex function.
The state (M) in (3) exists only for finite values of the chemical potential µ, which
explicitly breaks Lorentz invariance. This explicit breaking has the consequences
that the vertex function P V in (7) acquires additional parts and that the Goldstone
vector particle gets a small mass. To demonstrate this, we use the variational
approach of [19], which is a kind of relativistic RPA approach – and a convenient
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one if the light mesons are treated as Goldstone bosons. As a trial state for the
variational approach, we allow the vertex function P V to gain additional vector
parts at finite values of µ . The vector field operator is chosen in terms of the quark
operators as
Vi(t) = κL
∫
d3x Q
(L)
i (x) + κV
∫
d3x q¯(x)γiq(x) , (9)
where κL/V are variational constants. Using the techniques of [19], it is straightfor-
ward to relate the mass of the vector Goldstone boson mV to the explicit breaking
via the chemical potential µ. We find
m2V f
2
V = 2µ〈q¯γ0q〉 , (10)
where fV is a decay constant defined by〈
Ω
∣∣∣Q(L)i (x = 0)∣∣∣Vk(mV , ~p = 0)〉 = ifV mV δik . (11)
Here |V(p)〉 denotes the state of the Goldstone vector with four momentum p, and
|Ω〉 is the matter ground state. Equation (10) is nothing but the analog of the Gell-
Mann-Oakes-Renner relation [20]. The decay constant fV describes the decay of
the Goldstone vector into photons. A calculation of this quantity in a simple model
will be presented later. Since the electro-magnetic U(1) gauge invariance is broken
by the presence of matter, the coupling of quarks and photons is non-minimal, but
acquires additional pieces proportional to the ”angular momentum” density (the
first term in eq. (8)).
The local minimum of the effective potential at 〈q¯q〉 = 0 and 〈q¯γ0q〉 6= 0 (i.e. the
state (M)) becomes the global minimum, i.e. the ground state, when µ exceeds a
critical value. In this new state, the condensate 〈q¯γ0q〉 does not scale with µ any-
more, but acquires a strong contribution from the interaction. As shown above, this
mechanism results in a light iso-scalar vector meson. The occurrence of the light
vector meson is obviously accompanied by the spontaneous generation of baryon
density 〈q¯γ0q〉. On the other hand, the U(1)V vector symmetry is conserved in our
approach implying that baryon number is conserved. Both statements above do not
contradict each other, since we have assumed an infinite system at finite baryon
density. In practical applications a finite baryon number localized in space is the
interesting case. In this case, we cannot assume a homogeneous phase. Rather
we expect that the gradients discarded in the above description will lead to a do-
main structure, where each domain is characterized by a different value of the order
parameter 〈q¯γ0q〉.
In order to roughly estimate the order of magnitude of the parameters involved, we
assume that the phase transition of the vacuum (1) to the state (M) (3) occurs at
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a Fermi momentum kf ≈ Mc, where Mc ≈ 300MeV is the constituent quark mass.
This is the standard value for kf , where one expects the chiral phase transition to
occur. The estimate (based on a constituent quark model) of the corresponding
chemical potential is therefore µ ≈
√
M2c + k
2
f ≈
√
2Mc. Note that this value for
µ is of the same order of the magnitude as the generic energy scale of the phase
transition implying that corrections to (10) might become important.
For a first guess, we further use the relation ρB ≈ 2k3f/3π2 of the constituent quark
model. Combining these rough estimates, we find mV fV ∼ (260MeV)2 from (10).
If the mass of the “almost” Goldstone vector bosons is small, the resonance will be
broad, since the coupling to the photons fV becomes large.
3 Model Calculation
The results of the previous section are model-independent, relying solely on a specific
phase structure of the field theory. In this section, we illustrate with the help of
a simple model that the particular phase structure required by the ISSB scenario
is actually a generic case for effective quark models with a strong vector-current
interaction.
For this purpose, we study an effective low energy quark model [13] defined at finite
chemical potential µ, by the generating functional for Euclidean Green’s functions
(see e.g. [14])
Z[s, jµ] =
∫
DqDq¯DσDπ DVµ e
∫
d4x [L+s(x)σ(x)+jµ(x)V µ(x)] , (12)
L = q¯(x)
(
i∂/ − σ(x) + iγ5π(x) + iVµ(x)γµ
)
q(x) (13)
− N
2
gs
[
(σ(x)−m)2 + π2(x)
]
− N
2
{
Vµ(x)
(
−∂2δµν + ∂µ∂ν
)
Vν(x) + m
2
v
[
(V0(x)− µ)2 + V 2k (x)
]}
,
where N is the number of colors (the color index of the quark fields is not shown) and
m is the current quark mass. Our definitions of the Euclidean space can be found
in appendix A. In particular, we have defined the square of an Euclidean vector by
∂2 := ∂µ∂µ = −∂µ∂µ. For simplicity we consider the case of one light-quark flavor.
Generalizations to the iso-spin I = 1/2 will be discussed in the next section.
Let us look at the model (12) in Minkowski space. For this purpose, we integrate out
the meson fields σ, π and Vµ and perform the analytic continuation of the Euclidean
quark theory to Minkowski space. Our conventions can be found in appendix A.
Integrating out the vector fields Vµ yields a non-local current-current interaction. If
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we neglect the momentum transfer in this interaction, the low energy quark theory
is of NJL-type, i.e.
LM = q¯M(x)(i∂/ −m− µγ0(M))qM (x) (14)
+
1
2Ngs
[
(q¯M(x)qM (x))
2 − (q¯M (x)γ5qM(x))2
]
+
1
2Nm2v
q¯M(x)γ
(M)
µ qM(x) q¯M(x)γ
(M)µqM(x) .
Note that the vector current interaction contributes with a plus sign to the La-
grangian LM . We call this an attractive interaction in the vector channel. It will
turn out that this sign is crucial for the ISSB scenario. We should stress that there is
nothing to indicate that such an interaction is incompatible with light-quark hadron
phenomenology. Now if we compare (14) with (13), we find that the parameter µ in
(13) can be interpreted as the chemical potential. Any non-vanishing expectation
value of V0 obviously acts as a chemical potential.
Despite the kinetic term of the vector field (we will discuss its role below), the model
(12) is designed as a low-energy effective quark theory, with the quark loop momenta
cut off at an energy scale Λ [18]. We stress that the regularization procedure must
not spoil the Euclidean O(4) invariance, that is, the Lorentz symmetry in Minkowski
space. The magnitude of the cut-off Λ is of the order of the gluonic energy scale.
In the chiral limit m → 0, the Lagrangian L, (13), is invariant under chiral trans-
formations. If the scalar field acquires a non-vanishing vacuum expectation, i.e.
〈σ〉 6= 0, the chiral symmetry is spontaneously broken (SSB). The beautiful con-
cept of the spontaneous breakdown of chiral symmetry allows to interpret the light
pseudo-scalar mesons as Goldstone bosons, and hence provides a natural and model-
independent explanation of the particular role of the pions in the meson mass spec-
trum.
3.1 Ground state properties
We will now show that the simple model (12) exhibits a vacuum phase (µ = 0)
where chiral symmetry is spontaneously broken (SSB) and a µ-induced transition to
a phase where the (scalar) quark condensate vanishes and a spontaneous breakdown
of Lorentz symmetry occurs (ISSB) on top of the explicit breaking. The convenient
quantity by means of which this mechanism can be illustrated is the effective po-
tential as function of the scalar and vector fields, i.e. U(σ, Vµ). The effective action
Γ is defined by a Legendre transform of the generating functional ln Z[s, jµ] with
respect to the external sources s(x) and jµ(x), respectively, i.e.
Γ(σ, Vµ) = − ln Z[s, jµ] +
∫
d4x [s(x)σ(x) + jµ(x)Vµ(x)] , (15)
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Figure 1: Lines of constant effective potential U in the plane of σ and ζ2 = VµVµ for
µ = 0 (left picture) and in the plane of σ and V0 for µ = 0.2σV (right picture). σV
is the vacuum expectation value of σ. The numbers provide the effective potential
U in units of |UV |, where UV is the vacuum value of the potential U . (V ) and
(M) indicate the position of the vacuum state and of the ground state in matter,
respectively.
Vµ(x) =
δ lnZ[s, jµ]
δjµ(x)
, σ(x) =
δ lnZ[s, jµ]
δs(x)
. (16)
To leading order in the large N expansion, it is sufficient to evaluate the functional
integral (12) in a mean-field (stationary phase) approximation, since fluctuations
around the mean-fields are suppressed by a factor 1/N . A straightforward calcula-
tion yields
1
N
Γ(σ, Vµ) = − 1
N
Tr ln {i∂/ − σ(x) + iπ(x)γ5 + iγµVµ(x)} (17)
+
∫
d4x
{
gs
2
[
(σ −m)2 + π2
]
+
1
2
{
Vµ(x)
(
−∂2δµν + ∂µ∂ν
)
Vν(x) + m
2
v
[
(V0 − µ)2 + V 2k
]}}
+ O( 1
N
)
where the trace extends over Lorentz indices as well as over the Euclidean space-
time. Note that a regularization which preserves the O(4) invariance is understood
in (17) in order to define the trace term. We then obtain the potential U(σ, Vµ) from
the effective action by confining ourselves to constant classical fields. Assuming a
vanishing mean field for the pionic field π(x), we find for a sharp momentum cutoff
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(for details see appendix B)
1
N
U(σ, Vµ) = − 1
8π3
∫ +1
−1
dx
√
1− x2
∫ Λ2
0
du u ln
[
(u− ζ2 + σ2)2 + 4ζ2 x2 u
]
+
gs
2
[σ −m]2 + m
2
v
2
[
(V0 − µ)2 + V 2k
]
+ O( 1
N
) (18)
where ζ2 := VµVµ. Due to O(4)–invariance, the effective potential U depends only
on the O(4)–invariant field combination ζ2 in the case µ = 0. Minima of the effective
potential serve as possible candidates for the ground state. The global minimum,
i.e. the state with the lowest vacuum energy density, represents the vacuum. The
left-hand picture of Figure 1 shows the effective potential U for gs = m
2
v = Λ
2/8π3.
At zero chemical potential, the global minimum of U is located at (V ) in Figure
1. The corresponding vacuum properties are precisely characterized by (1). Chiral
symmetry is spontaneously broken. In addition, the effective potential possesses a
local minimum (as indicated by (II) in Figure 1). This minimum corresponds to a
meta-stable state with the properties (2).
The picture changes drastically, if the chemical potential is increased. If the chemical
potential exceeds a critical strength µc, the global minimum flips from the state (V)
to the state (II) (see right hand side of figure 1). Since the chemical potential
selects the zeroth component of the O(4)–invariant combination VµVµ, the ground
state in matter will be characterized by (3). This means that in addition to a small
explicit breaking, the O(4) (Lorentz) symmetry is spontaneously broken. Thus the
model (12) exhibits the ISSB-mechanism discussed above. Finally, let us mention
that a phase structure similar to the one of our toy model has been also found in
phenomenologically successful effective nucleon-meson theories [21]. An analogous
phenomenon occurs in the random-matrix study of the QCD phase transition in the
presence of chemical potential[3].
3.2 The “almost” Goldstone vector boson
In this subsection, we study small fluctuations vµ(x) of the vector field Vµ(x) around
its mean-field value V Bµ , i.e. Vµ(x) = V
B
µ + vµ(x). We assume that a small chemical
potential is sufficient to induce the transition from the state V to the state M
and treat the influence of the small explicit breaking of the O(4) symmetry by the
chemical potential µ as a perturbation. We will find that in this case the vector
fields vk=1...3(x) emerge as massless excitations from the Bethe-Salpeter equation, if
µ goes to zero. For this purpose, we expand the effective action (17) up to second
order in the fields vµ, i.e.
1
N
Γ(2) =
1
2N
Tr
{
i
i∂/+ iV/B − σ v/
i
i∂/+ iV/B − σ v/
}
(19)
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+
1
2
∫
(p) vk(p)
[
(p2δkl − pkpl) + m2v
]
vl(−p)
where (p) is the shorthand for d4p/(2π)4. The explicit calculation of the trace term
in (19) is left to appendix C. The final result can be written as
1
N
Γ(2) =
1
2
∫
(p) vk(p) Πkl(p) vl(−p) . (20)
Mass eigenstates appear as solutions of the Bethe-Salpeter equation
Πkl(p
2
0 = −m2V , ~p = 0) vl(−p) = 0 , (21)
where mV is the mass of the excitation. For simplicity, we here consider the Bethe-
Salpeter equation for vanishing spatial momentum. It is also sufficient for our pur-
poses to study this equation in a derivative expansion with respect to the meson
momentum p2. Exploiting the gap equation for the mean field V Bµ = (V0, 0, 0, 0),
one finds (see appendix C)
Πkl(p
2
0, ~p = 0) = [1− f(σ, V B0 )] p2 δkl +
m2v
V0
µ δik . (22)
The main observation is that for µ = 0 and V0 6= 0 the mass term drops out and
that a massless excitation (p2 = 0) with the quantum numbers of a (non-relativistic)
vector field occurs. For a small explicit breaking µ of the Lorentz symmetry, one
can cast the Bethe-Salpeter equation (21) into (p2 = −m2V )
[1− f(σ, V B0 )]m2V =
m2v
V0
µ. (23)
Using the gap equation (55) (in appendix C), we find
m2vV0 = 〈q¯γ0q〉 + O(µ) . (24)
With this result, eq.(23) can be cast into the form of eq.(10), i.e.
f 2V m
2
V = 2µ 〈q¯γ0q〉 + O(µ2) , fV =
√
2
√
1− f(σ, V B0 ) V0 . (25)
If the first-order phase transition from the vacuum state (V) to the matter state
(M) takes place, the constituent quark mass σ drops to the value of the current
mass. Therefore, we expect σ ≪ V0. Let us study the function f(σ, V B) for the case
σ = 0. The explicit calculation of this function is left to appendix C. The function f
is shown in Figure 2. It diverges logarithmically at the origin and decreases rapidly
for large values of V0.
2Note that the derivative expansion becomes exact for (massless) Goldstone bosons.
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Figure 2: The function f(0, V B)
as function of V0 in units of the
cutoff Λ.
It turns out that the function f(σ, V B0 ) in (22) is always positive. The “1” in the
square bracket stems from the bare kinetic term of the vector fields in (13), whereas
f is the contribution of the quark loop to the vector kinetic term. One observes that
the quark-loop-induced kinetic term favors gradients in the vector field vk(x). If the
parameter set is chosen such that f(σ, V B0 ) < 1, we can interpret the small amplitude
fluctuations vk(x) as particle excitations in the usual way. In the case f(σ, V
B
0 ) ≥ 1,
the small amplitude fluctuations exponentially grow, and the matter state would
favor large gradients. This would probably lead to the formation of domain walls.
In the present model, f is always much less than 1 in the parameter range of interest.
We believe that f > 0 is a generic feature, implying that quark loop contributions
support instabilities. In contrast, we expect that the parameters (σ, V0) that would
produce instability (i.e., leading to f = 1) are highly model-dependent.
4 The Particle Spectrum of the ISSB Scenario
The toy model considered above with one flavor of quarks gives “almost” Goldstone
vectors of the ω meson quantum number. To be realistic, we need at least two
light flavors. Let us consider this case. For vanishing current mass and chemical
potential, the quark sector exhibits chiral symmetry, i.e.
SUV (2)× SUA(2) , (26)
and Lorentz invariance. In particular, the SUA(2) transformations relate scalar
particles with pseudo-scalar particles, and transform vector current into axial-vector
currents. The vacuum state is characterized by a spontaneous breakdown of the axial
part of (26). According to Goldstone’s theorem, each generator of the spontaneously
broken symmetry gives rise to a massless particle. In the case of QCD, the iso-triplet
pions can be identified with the Goldstone bosons. However, the iso-triplet pions are
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not massless, but possess a mass which is small compared with the hadronic energy
scale, since the chiral symmetry is also explicitly broken by small current masses.
In the case of the ISSB scenario, the light particle content of the spectrum changes
drastically. The crucial fact is the occurrence of the condensate (that is, in
Minkowski space)
〈 q¯ γ0 1 q 〉 , (27)
where the unit operator in (27) indicates that the condensate is iso-scalar. Lorentz
symmetry is spontaneously broken over and above the explicit breaking via the
chemical potential. On the other hand, the quark condensate 〈 q¯q 〉 is proportional
to the current quark mass and vanishes in the chiral limit. Since the condensate
(27) is invariant under a chiral rotation of the quark fields, chiral symmetry is not
spontaneously broken and the mass of the pions is not necessarily small.
The quantum numbers of the Goldstone vector bosons can be most easily seen by
going to Euclidean space where the Lorentz group becomes the SO(4) group, which
is equivalent to SU(2)×SU(2). Expanding the anti-symmetric matrices ωµν of the
Euclidean (Lorentz) transformation (44) in terms of the ’t Hooft symbols [22] ηiµν ,
η¯iµν , which form a complete basis of self-dual and anti-self-dual matrices,
ωµν = θkη
k
µν + θ¯kη¯
k
µν , (28)
the generators of Euclidean (Lorentz) transformations can be written as
S(Λ) = exp
[
−i
(
θkΣ
k
R + θ¯kΣ
k
L
)]
, (29)
where
ΣkR =
1
4
ηkµνσ
µν , ΣkL =
1
4
η¯kµνσ
µν . (30)
In the direct product representation of the γ-matrices [23], one finds [24]
ΣkR/L = PR/L × σk , PR/L =
1
2
(1± γ5) . (31)
The matrices PR/L are the right and left handed projectors and σ
k are the familiar
Pauli spin matrices. With (31) the Euclidean (Lorentz) transformation (29) has
precisely the form of a chiral transformation with the iso-spin (or in general flavor)
matrices replaced by the spin matrices. Defining θkV/A =
1
2
(θk± θ¯k), eq. (29) becomes
S(Λ) = exp
[
−iθkV (1× σk) − iθ¯kA(γ5 × σk)
]
. (32)
This representation of the Euclidean (Lorentz) group corresponds to the coset de-
composition
SUL(2)× SUR(2) = SUV (2)× [SUL(2)× SUR(2)/SUV (2)] . (33)
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It is the coset symmetry SUL(2) × SUR(2)/SUV (2) which is spontaneously broken
in the state (M) (3). Using the analogy between the Lorentz transformations (32)
and a chiral transformation, it becomes clear that in the same way as the Goldstone
bosons of spontaneous broken chiral symmetry carry iso-spin, the massless particles
of spontaneously broken Lorentz symmetry carry spin and are hence vector particles.
They are given by the spatial components of iso-scalar vectors ωi := q¯ γi 1 q.
The iso-triplet ρ-mesons with a reduced mass in matter play a central role for the
explanation of the dilepton enhancement in the CERES and HELIOS experiments
in the approach of [11]. It is therefore interesting to look at the properties of
the ρ-mesons in the ISSB scenario. First note that in the vacuum the ω-meson
is somewhat heavier than the ρ-meson and that the overlap of the ρ–meson and
ω-meson wave-functions is non-zero [25]. At some large density, a light meson with
the quantum numbers of the ω-meson appears as an “almost” Goldstone boson. As
density decreases from the critical density as the system expands, it can happen
that the levels cross with the ω and ρ becoming degenerate at the crossing point.
In this case, the ρω-mixing will become 50% independently of the strength of the
overlap matrix elements.
5 Discussions and Conclusions
We have shown that a meta-stable state with the properties (2) exists at vanishing
chemical potential, if the effective low-energy quark interaction in the time compo-
nent of the vector channel is attractive and strong enough. Using a simple effective
quark model, we argued that this situation is generic for a wide range of param-
eter choices. We have suggested that the presence of this meta-stable state has
important consequences at finite baryon density. If the chemical potential exceeds
a critical value, a first-order phase transition from the vacuum phase to the former
meta-stable state can take place. The scalar quark condensate vanishes and chiral
symmetry is restored. In this phase, pions are no longer Goldstone bosons. In this
new state of matter (state (M)), Lorentz symmetry is spontaneously broken (over
and above the explicit breaking via the chemical potential), and light iso-scalar vec-
tor particles are excited. The light iso-scalar vector particles will dominantly couple
to photons.
If the density is further increased until it becomes large compared with the funda-
mental gluonic energy scale, one expects that the interaction between the quarks
becomes weak due to asymptotic freedom. In this case, the iso-scalar condensate
〈q¯ γ0 1 q 〉 loses the strong contribution from the interaction and will scale propor-
tional to the chemical potential. This implies that the Goldstone mechanism no
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SSB ISSB deconfinement
~
light  pi
pi
light  Vi
Vi photons
quarks,
gluons
µ  <µ<Λc
µν
µ > Λ
Figure 3: The light particle con-
tent at several values of the chem-
ical potential. Λ here is the fun-
damental energy scale of QCD.
longer applies and that the iso-scalar vector mesons become heavy again before
they dissolve in q-q¯ pairs at very high density, where one expects a phase transition
to the quark gluon plasma. The content of light particles of hadronic matter for
several values of the density is illustrated in Figure 3.
What are possible implications of the new state of matter at medium densities in
heavy-ion collisions? Since the phase transition from the vacuum state to the new
matter state is first order, the matter state (M) will appear in bubbles in the standard
matter phase where the mesons experience a small change of the vacuum properties.
The experimental observation could be a superposition of the results of the standard
“hadronic cocktail” and of the ISSB scenario. The quantitative outcome will depend
on how much of the bubbles are nucleated. It is obvious that the contribution of the
new matter state to the observables will be more pronounced in Pb-Au than in p-Au
collisions. It would be interesting to see whether this scenario has any role in the
dilepton enhancement actually observed in the CERES and HELIOS experiments.
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A Notation and conventions
The metric tensor in Minkowski space is
gµν = diag(1,−1,−1,−1) . (34)
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We define Euclidean tensors T(E) from the tensors in Minkowski space T(M) by
T µ1...µN(E) ν1...νn = (i)
r (−i)s T µ1...µN(M) ν1...νn , (35)
where r and s are the numbers of zeros within {µ1 . . . µN} and {ν1 . . . νn}, respec-
tively. In particular, we have for the Euclidean time and the Euclidean metric
x0(E) = i x
0
(M) , g
µν
(E) = diag(−1,−1,−1,−1) . (36)
Covariant and contra-variant vectors in Euclidean space differ by an overall sign. For
a consistent treatment of the symmetries, one is forced to consider the γµ matrices
as vectors. Therefore, one is naturally led to anti-hermitian Euclidean matrices via
(35),
γ0(E) = iγ
0
(M) , γ
k
(E) = γ
k
(M) . (37)
In particular, one finds
(
γµ(E)
)†
= − γµ(E) , {γµ(E), γν(E)} = 2gµν(E) = −2 δµν . (38)
The so-called Wick rotation is performed by considering the Euclidean tensors (35)
as real fields.
In addition, we define the square of an Euclidean vector field, e.g. Vµ, by
V 2 := VµVµ = −VµV µ . (39)
This implies that V 2 is always a positive quantity (after the wick rotation to Eu-
clidean space).
The Euclidean action SE is defined from the action SM in Minkowski space by
exp{iSM} = exp{SE} . (40)
Using (35), it is obvious that the Euclidean Lagrangian LE is obtained from the
Lagrangian LM in Minkowski space by replacing the fields in Minkowski space by
Euclidean fields, i.e. LE = LM .
Let the tensor Λµν denote a Lorentz transformation in Minkowski space, i.e.
ΛµαΛ
ν
β g
αβ = gµν . (41)
Using the definition (35), one easily verifies that Λµ(E) ν are elements of an O(4)
group, i.e. ΛT(E)Λ(E) = 1, which is the counterpart of the Lorentz group in Euclidean
space.
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In order to define the Euclidean quark fields, we exploit the spinor transformation
of the Euclidean quark field
q(E)(xE)→ q′(E)(x′E) = S(Λ(E))q(E)(xE) , xE → x′E = ΛxE , (42)
S(Λ(E))γ
µ
(E)S
†(Λ(E)) =
(
Λ−1(E)
)µ
ν
γν(E) , (43)
where the matrices
S(Λ(E)) = exp{− i
4
ωµνσ
µν
(E)} (44)
are unitary. It is obvious that one must interpret
q¯(E) = q
†
(E) (45)
in order to ensure that e.g. the quantity q¯(E)γ
µ
(E)q(E) transform as an Euclidean
vector. We suppress the index E throughout the paper and mark tensors with an
index M , if they are Minkowskian.
B The gap equation
Let us calculate the trace term in the effective potential (17) for constant entries
and for π(x) = 0. For this purpose, we write the trace as a sum over all eigenvalues
λ of the Euclidean Dirac operator. For constant fields σ and Vµ, it is convenient to
calculate the eigenvalues in momentum space. For a fixed momentum, one finds
(k/ − σ + iVµγµ) ψ = λ(k) ψ. (46)
A direct calculation yields
λ±(k) = −σ ± i
√
(k + iV )2 , (47)
where each eigenvalue is 2N–fold degenerated. The trace term is therefore given by
− 2V
∫
k≤Λ
(k) ln (λ+(k)λ−(k)) = −2V
∫
k≤Λ
(k) ln
[
σ2 + (k + iV )2
]
, (48)
where V is the Euclidean space-time volume, and Λ is the sharp O(4) invariant
cutoff. (k) is the shorthand for d4k/(2π)4. The integrand in (48) is complex. We
will, however, see that the imaginary part drops out, if we perform the integration
over the momentum. For this purpose, we write (48) as
−V
∫
k≤Λ
(k) ln
[
σ2 + (k + iV )2
]
− V
∫
q≤Λ
(q) ln
[
σ2 + (q − iV )2
]
=
17
−V
∫
k≤Λ
(k) ln
[
(k2 + σ2 − V 2)2 + 4 (k · V )2
]
,
where we have performed a change of integration variables q = −k. We finally
obtain
− V
4π2
∫ π
0
dα
π
sin2 α
∫ Λ
0
dk k3 ln
[(
k2 + σ2 − V 2
)2
+ 4k2V 2 cos2 α
]
. (49)
This expression directly enters the effective potential U(σ, Vµ) in (18). Note that for
V 2 > σ2 the integrand in (49) becomes singular. It is, however, easy to show that
this singularity is integrable and that no imaginary part is present. The singularity
occurs for k2 = V 2−σ2 in the angle integral. Using the principal-value prescription,
this integral yields
2 lim
ǫ→0
∫ +1
ǫ
dx
√
1− x2 log x2 = −π
(
ln 2 +
1
2
)
. (50)
An extremum of the effective potential occurs, if the (constant) vector fields satisfy
the gap equation
− 1
N VTr
{
i
i∂/ − σ + iV/ γ
µ
}
+ m2v (Vµ − µ δµ0) = 0 . (51)
Let us study the case without an explicit breaking of the O(4) symmetry, i.e. µ = 0.
Since we use an O(4)-invariant regularization of the space-time trace in (51), the
measure of the momentum integration is O(4) invariant. Let V Bµ denote a solution
of the gap equation (51) (with µ = 0). Using the property (43), one easily shows
that the rotated field ΛµνV
B
ν is also a solution. In this case, we multiply eq.(51) with
V Bµ and obtain a single equation to determine the length V
B
µ V
B
µ of the vector field.
For µ 6= 0, it is easy to show that a solution of (51) is provided by V B = (V0, 0, 0, 0).
Without loss of information, we calculate
− 1
N
Tr
{
i
i∂/ − σ + iV/γ
µ
}
Vµ (52)
for constant fields Vµ. Introducing momentum eigenstates and performing the trace
over Dirac indices yield
− 4iV
∫
k≤Λ
(k)
k · V + iV 2
(k + iV )2 + σ2
, (53)
where k · V := kµVµ = −kµV µ. Introducing polar coordinates where α denotes the
angle between k and V , one obtains
−iV
π3
∫ π
0
dα sin2 α
∫ Λ
0
dk k3
kV cosα + iV 2
k2 + σ2 − V 2 + 2ikV cosα =
18
− V
2
π3
V
∫ Λ
0
dk k3
∫ +1
−1
dx
√
1− x2 2k
2x2 − k2 − σ2 + V 2
(k2 + σ2 − V 2)2 + 4k2V 2 x2 . (54)
This expression of course agrees with the result which is obtained by taking the
derivative of (49) with respect to Vµ and multiplying with Vµ.
C The Bethe-Salpeter equation
In order to observe the cancelation of the mass term for the “almost” Goldstone
vectors, we need a certain relation which is satisfied for any solution V Bµ of the gap
equation (51) with µ = 0. Our first task in this section is to derive this relation.
For this purpose, we note that the trace term in (51) transforms as an O(4) vector,
i.e.
Bµ[V
B] = −4i
∫
(k)
kµ + iV
B
µ
(k + iV B)2 + σ2
. (55)
This is true, because we use an O(4) invariant regularization of the momentum
integration. It is obvious that
Bµ[ΛV
B] = Λµν Bν [V
B] , Λµν = exp {θaηa}µν . (56)
The matrices ηaµν are three of ’t Hooft’s antisymmetric matrices, which serve as three
out of six generators of the O(4) transformation. Note that eq.(56) is satisfied for
any choice of the angles θa. Taking the derivative of this equation with respect to
θa yields the identity
ηaµνBν [V
B] = −4i
∫
(k)
iηaµνV
B
ν
(k + iV B)2 + σ2
+ 4i
∫
(k)
(k + iV B)µ 2i (kαη
a
αβV
B
β )
[(k + iV B)2 + σ2]2
.
(57)
If we specialize to V Bµ = (V0, 0, 0, 0), use η
a
l0 = δ
al and employ the gap equation,
i.e. Bµ = −m2v(Vµ − µδµ3), we finally obtain the desired equation (V0 6= 0), i.e.
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∫
(k)
[
δal
(k + iV B)2 + σ2
− 2klka
[(k + iV B)2 + σ2]2
]
+ m2v δ
al =
m2v
V0
µ δal . (58)
In the following, we evaluate the trace term in (19), which gives rise to the Bethe-
Salpeter equation. Rewriting the trace as a sum over momentum eigenstates and
inserting a complete set of these eigenstates, the trace term can be written as
−1
2
∫
(p) vµ(p)vν(−p)
∫
(k) trD


k/+ p/
2
+ iV/B + σ(
k + p
2
+ iV B
)2
+ σ2
γµ
k/− p/
2
+ iV/B + σ(
k − p
2
+ iV B
)2
+ σ2
γν

 ,
(59)
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where the trace trD extends over Dirac indices only. Performing the Dirac trace and
introducing a Feynman integral, the polarization tensor in (20) is given by
Πik(p) = (p
2δik − pipk) + m2v δik (60)
− 4
∫ 1
0
dx
∫
(q)
2qiqk − 2x(1− x)pipk − δik
[
(q + 1−2x
2
p+ iV B)2 − p2
4
+ σ2
]
[(q + iV B)2 + x(1− x)p2 + σ2]2 .
In order to show that the vector fields are massless excitations for µ = 0, we study
the polarization tensor (60) at zero momentum, i.e.
Πik(0) = m
2
vδik − 4
∫
(q)
2qiqk − δik
(
(q + iV B)2 + σ2
)
[(q + iV B)2 + σ2]2
(61)
=
m2v
V0
µ δik , (62)
where we have used eq.(58). The crucial observation is that the expression (61)
vanishes for µ = 0 (and V0 6= 0).
If we are interested in the polarization tensor close to the mass shell, it is sufficient
to study the Bethe-Salpeter equation in a derivative expansion. It is straightforward
to extract the order O(p2) from (60). One finally finds
Πik(p0, ~p = 0) = δik [1− f(σ, V B)] p2 + m
2
v
V0
µ δik + O(p4) (63)
where
f(σ, V B) =
2
3
∫
(q)
{
3
[(q + iV B)2 + σ2]2
− 4
3
~q2
[(q + iV B)2 + σ2]3
}
. (64)
Let us study the interesting case σ = 0, V0 6= 0. For this purpose, we introduce
polar-coordinates for the momentum integration in (64). The angle integration is
tedious due to the complex functions. One must distinguish the cases q > V0 and
q < V0. One finally obtains
f(σ = 0, V B) =
1
12π2
{∫ V0
0
dq q3
q2 + 3V 20
V 40 (q
2 + V 20 )
+
∫ Λ
V0
dq q
2
q2 + V 20
}
(65)
for V0 ≤ Λ, and
f(σ = 0, V B) =
1
12π2
∫ Λ
0
dq q3
q2 + 3V 20
V 40 (q
2 + V 20 )
(66)
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for V0 > Λ. The final momentum integration is straightforward. We obtain
f(σ = 0, V B) =
1
24π2
{
5
2
− 4 ln 2 + 2 ln
(
Λ2
V 20
+ 1
)}
, for V0 < Λ (67)
f(σ = 0, V B) =
1
24π2
{
2Λ2
V 20
+
Λ4
2V 40
− 2 ln
(
Λ2
V 20
+ 1
)}
, for V0 > Λ . (68)
The final result depends logarithmically on the cutoff Λ as expected from a naive
power counting. We have numerically investigated the function f(σ, V B) for several
values of σ. We find that generically f(σ, V B) > 0.
References
[1] CERES collaboration, Phys. Rev. Lett. 75 (1995) 1272; Nucl. Phys. A590
(1995) 103c.
[2] HELIOS–3 collaboration, Nucl. Phys. A590 (1995) 93c.
[3] M. Stephanov, Phys. Rev. Lett. 76 (1996) 4472; R. A. Janik, M. A. Nowak,
G. Papp, I. Zahed, Phys. Rev. Lett. 77 (1997) 4876.
[4] W. Cassing, W. Ehehalt, C. M. Ko, Phys. Lett. B363 (1995) 35.
[5] G. Chanfray, P. Schuck, W. Noerenberg, in Hirschegg 1990, Proceedings,
276-284; T. Alm, G. Chanfray, P. Schuck, G. Welke, Nucl. Phys. A612
(1997) 472.
[6] R. Rapp, G. Chanfray, J. Wambach, Phys. Rev. Lett. 76 (1996) 368; “ρ
meson propagation and dilepton enhancement in hot hadronic matter”, hep-
ph/9702210.
[7] C. Song, V. Koch, S. H. Lee, Phys. Lett. B366 (1996) 379.
[8] T. Hatsuda, S. H. Lee, Phys. Rev. C46 (1992) R34; T. Hatsuda, S. H. Lee,
H. Shiomi, Phys. Rev. C52 (1995) 3364; T. Hatsuda, nucl-th/9702002.
[9] G. E. Brown, M. Rho, Phys. Rep. 269 (1996) 333.
[10] G. E. Brown, M. Rho, Phys. Rev. Lett. 66 (1991) 2720.
[11] G. Q. Li, C. M. Ko, G. E. Brown, Phys. Rev. Lett. 75 (1996) 4007; Nucl.
Phys. A606 (1996) 568; C. M. Ko, G. Q. Li, G. E. Brown, H. Sorge, Nucl.
Phys. A610 (1996) 342c.
21
[12] Chaejun Song, G. E. Brown, D.-P. Min and M. Rho, “Fluctuations in ‘BR-
scaled’ chiral Lagrangians,” hep-ph/9705255
[13] Y. Nambu, G. Jona-Lasinio, Phys. Rev. 124 (1961) 246,255.
[14] D. Ebert, H. Reinhardt, Nucl. Phys. B271 (1986) 188.
[15] See e.g. E. Witten, Nucl. Phys. B145 (1978) 110.
[16] C. Vafa, E. Witten, Nucl. Phys. B234 (1984) 173.
[17] See e.g. J. Govaerts, J. E. Mandula, J. Weyers, Nucl. Phys. B237 (1984)
59; Phys. Lett. B130 (1983) 427.
[18] K. Langfeld, C. Kettner, H. Reinhardt, Nucl. Phys. A608 (1996) 331.
[19] K. Langfeld, P. A. Amundsen, Phys. Lett. B245 (1990) 631.
[20] Ta-Pei Cheng, Ling-Fong Li, Gauge Theory of Elementary Particle Physics
(Oxford University Press, New York, 1984).
[21] H. Reinhardt, H. Schulz, Nucl. Phys. A432 (1985) 630.
[22] G. ’t Hooft, Phys. Rev. D14 (1976) 3432.
[23] C. Itzykson, J.-B. Zuber, Quantum Field Theory (McGraw Hill 1980).
[24] H. Reinhardt, Phys. Lett. B257 (1991) 375.
[25] See e.g. R. Friedrich, H. Reinhardt, Nucl. Phys. A594 (1995) 406 and ref-
erences therein.
22
